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' Abstract. A space X is said to be 7r-metrizable if it has a a-discrete vr-base. In 

this paper, we mainly give afhrmative answers for two questions about 7r-metrizable 
spaces. The main results are that: (1) A space X is 7r-metrizable if and only if 
X has a cr-hereditarily closure-preserving 7r-base; (2) X is 7r-metrizable if and only 
if X is almost a-paracompact and locally 7r-metrizable; (3) Open and closed maps 
preserve 7r-metrizability; (4) 7r-metrizability satisfies hereditarily closure-preserving 
regular closed sum theorems. Moreover, we define the notions of second-countable tt- 
metrizable and strongly 7r-metrizable spaces, and study some related questions. Some 
' questions about strongly vr-metrizability are posed. 
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1. Introduction 



TT-metrizable spaces were first studied by V. Ponomarev as a necessary conditions for 
being the absolute of a metrizable space fS]. In [6], D. Fearnley has constructed a Moore 
and vr-metrizable space which cannot be densely embedded in any Moore space with the 
■ Baire property. In |10) . D. Stover has proved that a space X is vr-metrizable if and only 

if X has a fi-locally finite vr-base. It is well known that a regular space is metrizable if 
and only if it has a cj-hereditarily closure-preserving base. Recently, C. Liu posed the 
'sj" . following two questions in a private communication with the authors. 

' Question 1.1. If X has a a -hereditarily closure-preserving ir-base, is X tt -metrizable? 

I Question 1.2. Is n -metrizability preserved by open and closed maps? 

Obviously, if the Question 11.11 is affirmative, then Question 11.21 is also affirmative. 
In this paper, we shall give an affirmative answer for Ouestions 11.11 and II. 2| respec- 
r> ■ tively. In fact, we prove that quasi-open and closed maps preserve 7r-metrizability. We 

, also improve some results in [lOj. Moreover, we define the notions of second-countable 

TT-metrizable and strongly vr-metrizable spaces, and study some related questions. 

Definition 1.3. Let X be a space. A collection of nonempty open sets W of X is called 
a TT-base if for every nonempty open set O, there exists an U (zU such that U C O. A 
space X is said to be tt -metrizable if it has a cr-discrete vr-base. A space X is called a 
second- countable tt -metrizable space if X has a countable vr-base. 

Obviously, every second-countable vr-metrizable space is vr-metrizable. 

Definition 1.4. Let f : X he a. map. 

(1) / is a compact map if each /^'^{y) is compact in X; 

(2) / is a perfect map if it is a closed and compact map; 

(3) / is a quasi-open map if Int/(C/) 7^ for any non-empty open subset U of X; 



2000 Mathematics Subject Classification. 54B10, 54C10, 54D70. 

Key words and phrases, vr-metrizable spaces; locally vr-metrizable; strongly vr-metrizable spaces; 
perfect maps. 

Supported by the NSFC (No. 10971185), the NSF of Fujian Province (No. 2009J01013) and the 
Educational Department of Fujian Province (No. JA09166) of China. 

1 



2 



FUCAI LIN AND SHOU LIN 



(4) / is called at most k-to-one map if |/ ^{y)\ < k for every y ^Y, where A; G N; 

(5) / is an irreducible map if there does not exist a proper closed subset X' of X 
such that f{X') = Y. 

Definition 1.5. [3] Let V he a family of subsets of a space X. V is hereditarily closure- 
preserving (abbrev. HCP) if, whenever a subset S{P) C P is chosen for each P G "P, 
the family {S{P) : P G V} is closure-preserving. 

Definition 1.6. [lOj A space X is called strongly d-separable if there exists {K^ '■ n G N} 
such that each Kn is a closed discrete subset of X and U{Kn : n G N} is dense in X. 

For a topological space X, let 7^ be a family of subsets of X, and let 
I{X) = {x : x is an isolated point of X}, 

{V)x = {P eV -.xeP} for each xeX. 

However, we denote Vx by a subfamily of {'P)x for each x G X. 

Throughout this paper, all spaces are assumed to be Ti and regular, all maps are 
continuous and onto. Denote the positive natural numbers by N. We refer the reader 
to [5] for notations and terminology not explicitly given here. 

2. vr-METRIZABLE SPACES 

First, we give two technical lemmas in order to give an affirmative answer for Ques- 
tion O 

Lemma 2.1. [3j Let V be a HCP collection of open subsets of X and A C X. If x ^ A'^ 
and G is a Gs-set of X such that x G G and G r\{A — {x}) = 0, then {V)x is finite 

Lemma 2.2. Let X have a a-HCP ir-base V = UneN"^"' where Vn is HCP for each 
n G N. Then {Vn)x is finite for each x £ X \ I{X) and n G N. 

Proof. Fix a point x G X \ I{X). For each n G N and P G Vn, we choose a point 
xp € P \ {x}. Let Fn = {xp : P G Vn}- Then F„ is closed. Put A = UnGN-^« ^^^'^ 
G = X — A. For each x £ U with U open in X, there exists a P (zV such that P C U, 
and hence xp £ U H {A — {x}) ^ 0. Therefore, x G A'^ n G. Obviously, G is a G^-set 
and Gn{A- {x}) = 0. Hence {Vn)x is finite by Lemma [2Tj □ 

A collection of sets U in a space X each with nonempty interior is called a 'K^-base |10] 
if for each open set O there is an [/ G ^/ such that U C O. 

Theorem 2.3. For a topological space X, the following are equivalent: 

(1) X is a TT-metrizable space; 

(2) X has a a-HCP n-base; 

(3) X has a a-locally finite ir-base. 

Proof. (1)=>(2) is obvious. (3)=>(1) by [lOl Theorem 2.2]. Hence we only need to prove 
(2)^(3). 

Let V = UnGN ^ (T-HCP vr-base of X, where each Vn is HCP. By the regularity, 

for each P £ V, there is a nonempty closed subset Bp in X such that Bp C P, and if 
P (t I{X) then ■uii{Bp)r\{X\I{X)) / 0. Let B = UnGN-^". ^^ere Bn = {Bp:P£ Vn} 
for each n G N. It is easy to see that B = UneN i^ ^ cr-HCP 7r^,-base of X. For each 
n G N, let X{n) = {x G X : ,B„ is locally finite at point x}. 

Claim: For each n G N, X \ I{X) C X{n). 
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Indeed, put x € X \ I{X). It follows from Lemma 12.21 that {Vn)x is finite, and hence 
{Bn)x is also finite. Therefore, U{Bn\{Bn)x) is closed and does not contain x, and hence 
X \ (U(jB„ \ {Bn)x)) is an open neighborhood of x and at most intersects finitely many 
elements of Bn- So, x G X{n). 

It is obvious that X{n) is open for each n E N. Let V'^ = {int(i?) n X{n) : B G 
Bn}- Then V'^ is a locally finite collection of open subsets of X for each n € N. Put 
V'^ = {{x} : {x} G Bn} for each n G N. Then 7-"^' is discrete for each n G N. Let 
V' = UnGN(^n U'P")- It is casy to see that V' is a cr-locally finite vr-base for X. Indeed, 
for each nonempty open subset O of X, if O n /(X) ^ 0, then we choose a point 
X G O n /(X) and therefore, {x} G and {x} C O; if O n /(X) = 0, then there is a 
B G B with B C O since ;B is a vr^-base, and therefore, ^ int(i?) n X{n) C O by the 
Claim. □ 

Corollary 2.4. A space X is TT-metrizahle if and only if X has a a-HCP Ti-^-hase V 
such that, for every P ^V, P is a regular closed set of X. 

In [10] ■ D. Stover has proved that open perfect or irreducible perfect maps preserve 
vr-metrizability. However, we have the following Theorem 12.51 Corollaries 12.61 and 12. 7^ 
which give an affirmative answer for Question 11.21 and also improve some results in [1^ . 

Theorem 2.5. Quasi-open and closed maps preserve -K-metrizahility. 

Proof. Let / : X ^ y be an quasi-open and closed map, where X is a vr-metrizable 
space. It follows from Theorem 12.31 that X has a cr-HCP vr-base V. Since closed maps 
preserve HCP collections, f{V) is a cj-HCP collection of subsets of Y . Since / is a 
quasi-open map, {int/(P) : P G V} is a vr-base for X. Hence y is a yr-metrizable space 
by Theorem [231 □ 

Corollary 2.6. Open and closed maps preserve TT-metrizability. 

Corollary 2.7. Irreducible closed maps preserve n-metrizability. 

Proof. It follows from the definition of the irreducible closed mappings that an ir- 
reducible closed map is quasi-open. Therefore, irreducible closed maps preserve vr- 
metrizability by Theorem 12.51 □ 

However, perfect maps don't preserve vr-metrizability, see Example 12.141 
A topological property ^ satisfies hereditarily closure-preserving regular closed sum 
theorems if a topological space X has a hereditarily closure-preserving regular closed 
covering {Fa}aeA such that has topological property for every a G A, then X 
has topological property 

Lemma 2.8. Suppose the topological property ^ satisfies the following two conditions: 

(1) ^ is preserved by topological sums; 

(2) ^ is preserved by quasi-open and closed maps, 

then ^ satisfies hereditarily closure-preserving regular closed sum theorem. 

Proof Let 

a£A be a hereditarily closure-preserving regular closed covering for a 
space X, where has topological property ^ for every a & A. For every a G j4, let 
F^ denote a copy of Fa and let fa be this homeomorphism. Put X* be the disjoint 
topological sum of Fa, and define a map / from X* onto X as follows: for every x G X* , 
if X G F^, then f{x) = fa{x). 

Obviously, / is a map. It follows from (1) that X* has topological property 3^. 
It is easy to see that / is a closed map since {Fa}a&A is HCP. Now we only need to 
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show that / is a quasi-open map. Since Fa is a regular closed set, there is an open 
subset Ua of X such that Fa = Ua- Clearly, it is sufficient to show that int/(£') ^ 
for each non-empty open subset E in F^. Since /q, : -F^ — >• Ua is a homeomorphism 
maP) fa{E) is open in Ua, and therefore, there exists an open subset U in X such 
that fa{E) = U n [/q,. Choose a point x S fa{E). Then there is an open subset 
V{x) of X such that x G C U. Since x G fa{E) C C7a, n C/« / 0. Then 

V{x) nUaC fa{E), and hence mtfa{E) / 0. Since E C F^, /(F) = ^(F). Then / is 
quasi-open. Therefore, X has topological property ^ by (2). □ 

Theorem 2.9. ir-metrizability satisfies hereditarily closure-preserving regular closed 
sum theorems. 

Proof. It is easy to prove that vr-metrizability is preserved by topological sums. Since 
TT-metrizability is preserved by quasi-open and closed maps, vr-metrizability satisfies 
locally finite regular closed sum theorem by Lemma 12.81 □ 

It is well known that a space X is metrizable if and only if X is paracompact and 
locally metrizable. However, there exists a vr-metrizable space such that X is non- 
paracompact. But we have the following Theorem 12.101 

A space X is called almost a-paracompact if, for each open covering U of X, there is a 
cj- locally finite open collection V such that V refines U and UV is dense in X. Obviously, 
paracompact or vr-metrizable spaces are almost cr-paracompact. 

Theorem 2.10. A space X is tt -metrizable if and only if X is almost a-paracompact 
and locally t: -metrizable. 

Proof. Obviously, we only need to show the sufficiency. 

Let X be almost cj-paracompact and locally vr-metrizable. For each x G X, there 
exists an open neighborhood of x such that Vx is vr-metrizable. Then {Vx ■ x G X} 
is an open covering for X. Since X is almost cr-paracompact, there exists a cr-locally 
finite open collection V refining {Vx : x G X} and UV is dense in X. We denote V 
by V = [jj^^fqVm- By the regularity, we can assume that V = {V : V G V} refines 
{Vx : X G X}. Obviously, V is cr-locally finite. Fix an m G N. For each V G Vm, 
since vr-metrizability is preserved by the closure of open subspaces, V is vr-metrizable, 
and therefore, let V{V) = UneN^"in(^) be a cr-discrete vr-base for V, where Vn{V) 
is discrete in V for each n G N. In fact, for each V (z V and W G V(V), we can 
also assume that W C V. Put Vmn = Uf6V^"^"(^) ^ = Um.nGN'^mn- Then 
P is a cr-locally finite vr-base for X. Firstly, P is a vr-base for X. In fact, let U he a 
nonempty open subset for X. Since UV is dense in X, there is an 1/ G V such that 
[/ n y / 0. It follows from W C V for each W eV{V) that there exists aW eViV) 
such that W C U n V. Now, we show that Vmn is locally finite for each m, n G N. 
For each x G X, since Vm is locally finite, there exists an open neighborhood U{x) of x 
such that U{x) intersects only finitely many elements of Vm, We denote those finitely 
many elements by l^i, ■ ■ ■ , Vk. Then we need only to find an open neighborhood G of 
X such that G intersects only finitely many elements of IJi=i ^mn(^i)- Clearly, VmniVi) 
is locally finite in X for each 1 < i < k. For each 1 < i < k, there exists an open 
subset Ui with x G U such that Ui intersects only finitely many elements of Vmn{V)- 
Let G = U{x) n {{X=i Ui). Clearly, G is an open neighborhood of x and intersects only 
finitely many elements of Ui=i VmniVi)- D 
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Remark (1) We can not omit the condition "X is almost cr-paracompact" in The- 
orem 12.101 Indeed, Isbell-Mrowka space ip{D) [2| is locahy vr-metrizable and non-vr- 
metrizable, where Z) is a discrete space with \D\ = Ki. However, it is easy to see that 
'4^{D) is not an almost cr-paracompact space. 

(2) We can not replace "X is almost cr-paracompact" by "X is almost paracompact" in 
Theorem 12. 101 where a space is called almost paracompact [9] if, for each open covering 
lA^ there is a locally finite open collection V such that V refines lA and UV is dense 
in X. In fact, Isbell-Mrowka space [2] is a vr-metrizable space and non-almost 

paracompact. 

Next, we discuss the second-countable 7r-metrizable spaces. 

It is clear that second-countable vr-metrizability is preserved by open subspaces, clo- 
sures of open subspaces, and dense subspaces. As countability, let X be a vr-metrizable 
space. Then X is a second-countable vr-metrizable space if X satisfies one of the follow- 
ing conditions: 

(1) X \s separable; 

(2) X is Lindelof; 

(3) X is pseudocompact. 

Remark It is well known, for a metrizable space X, that X is separable if and only 
if X is Lindelof. However, there is a separable and vr-metrizable space, which is not a 
Lindelof space, for example, Isbell-Mrowka space [2]. 

The following result is easy to see. 

Proposition 2.11. Second-countable vr-metrizability is preserved by quasi-open maps. 

However, there exists a non-vr-metrizable space, which is the image of a second- 
countable vr-metrizable space under a closed and at most two-to-one map, see Exam- 
ple EH 

Theorem 2.12. A space Y is the image of a second-countable n -metrizable space X 
under a closed and at most two-to-one map if and only ifY is separable. 

Proof. Necessity. Since a second-countable vr-metrizable space is separable, Y is sepa- 
rable. 

Sufficiency. If Y is finite, it is obvious. Hence we can assume that Y is infinite. Let 
{dn : n G N} be a countable dense subset for Y, where d„ / dm for distinct n,m £ N. 
Let X = {{n,dn) : n € N} U {{p} x Y) and endow X with the subspace topology of 
N* X Y, where N* = N U {p} is the Alexandroff compactification of N. 

Claim: X is second-countable vr-metrizable. 

Let Vn = {in,dn)} and Bn = {{p,dn) ■ {dn} € t{Y)} for each n € N. Obviously, Vn 
and Bn are discrete for each n G N, where i3n = if {dn} T{y)- Then \J^^f^{Vn U Bn) 
is a vr-base for X. Indeed, let O be a nonempty open subset of X. Then there exist an 
m G N and an open subset U oi Y such that O = ((N* \ {1, 2, ■ ■ ■ ,m - 1}) x U) n X. 
Obviously, we only need to prove that O R {{n, dn) : n e N} 7^ or O n L / 0, where 
L = {{p,dn) : {dn} e t{Y)}. If O n {{p} x y) = 0, then it is obvious. Therefore, we 
can assume that O D {{p} x y) 7^ 0. Suppose that O n {(n,d„) : n G N} = 0. Then 
O C {p} X y. Since U is open in Y, there exists an n G N such that d„ G U. Assume 
that O n L = 0. Then {n,dn) G O if n > m, this is a contradiction. Hence n < m. 
Since U \ {di,d2, ■ ■ ■ ,dm-i} 7^ 0) there is an uq > m such that dn^ G U . Therefore, 
(no, dno) £ O, this is a contradiction. Hence O n L 7^ 0. Then there exists a /c G N such 
that (p, dk) G Bk and (p, dk) G O PI L. 
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Let f : X —?■ Y he the natural projection map. Since N=k is compact, the projection 
of N* X y onto y is a closed map. It follows from X is a closed subspace of N=k x y that 
/ is a closed map. Obviously, for each y gY, f~^{y) is at most two points set. Hence 
/ is a closed and at most two-to-one map. □ 

Corollary 2.13. A space Y is the image of a second- countable ir-metrizable space X if 
and only ifY is separable. 

Example 2.14. There exists a regular and separable space X, which is not a vr-metrizable 
space. Therefore, closed and at most two-to-one maps don't preserve vr-metrizability by 
Theorem [2T21 

Proof. Suppose that I = [0, 1] is the closed unit interval with a subspace of the usual 
topology M, and X = 1^ with the product topology. Then X is a regular and separable 
space. However, X is not a 7r-metrizable space by [ini Theorem 3.11]. □ 



3. Strongly vt-metrizable spaces 

Definition 3.1. Let V he a collection of open subsets of X. V is called a strong vr- 
base [l] if P = Ua;GX T^x and, for each x S X, "P^; is a strong vr-base at point x, that 
is, Vx is a vr-base at point x and every open neighborhood of x contains all but finitely 
many elements of Vx. 

X is called strongly n-metrizable if X has a c-discrete strong vr-base. X is called 
second- countable strongly ir-metrizable if X has a countably strong vr-base. 

It is obvious that every metrizable space is strongly vr-metrizable, and every strongly 
vr-metrizable space is vr-metrizable. The implications of the converses are not true. 

(1) Isbell-Mrowka space V'(N) is a strongly vr-metrizable space, but it is not a 
metrizable space; 

(2) Let K he a discrete space with \K\ = Ki. K^^ is vr-metrizable by [TO], and 
however, K^^ is a non-strongly vr-metrizable space by the following Theorem 13. 181 

Clearly, if "P = IJ^gx is a strong vr-base for X, then every infinite subfamily of Vx 
is a strong vr-base at point x. Therefore, we have the following result. 

Proposition 3.2. If X has a strong vr-base, then every point of X has a countably 
strong vr-base. 

In |10j . D. Stover given a non-metrizable topological group, which is vr-metrizable. 
However, we have the following result by Theorem 13.21 

Theorem 3.3. If X is a topological group with a strong n-base, then X is metrizable. 

Proof. Obviously, X is has a countable vr-character by Proposition 13.21 Then X is 
metrizable by [4, Theorems 3.6 and 1.8]. □ 

Theorem 3.4. For a topological space X, the following are equivalent: 

(1) X is a strongly tt -metrizable space; 

(2) X has a a-HCP strong n-base; 

(3) X has a a-locally finite strong n-base. 

Proof. (1)=^(2). It is obvious. Prom [lOi Lemma 2.1], it is easy to see that (3)=>(1). 
It is easy to see that (2)=>(3) by the proof of (2) =^(3) in Theorem 12.31 □ 

It is obvious that strongly vr-metrizability is preserved by open subspaces or dense 
subspaces. However, we have the following questions. 
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Question 3.5. Is strongly TT-metrizability preserved by the closures of open subspaces? 

Question 3.6. Let X be a paracompact space. If X is locally strongly ir-metrizable, 
then is X strongly n-metrizable? 

Theorem 3.7. Quasi-open and closed maps preserve strongly TT-metrizability. 

Proof. Let / : X — )• y be an open and closed map, where X is a strongly vr-metrizable 
space. It follows from Theorem 13.41 that X has a a-HCP strong vr-base V. Since closed 
maps preserve HCP collections, /("P) is a cr-HCP collection of subsets of Y. Since / is 
a quasi-open map, {int/(P) : P G V} is a u-HCF strong vr-base of Y. In fact, for each 
y £Y, choose a fixed point Xy G f~^{y)- Then {int/(P) : P € Vxy} is a strong 7r-base 
at point y. Hence y is a strongly vr-metrizable space by Theorem 13.41 □ 

Corollary 3.8. Open and closed maps preserve strongly ir-metrizability. 

Corollary 3.9. Irreducible closed maps preserve strongly ir-metrizability. 

Proof. It is easy to see by Theorem 13.71 and the proof of Corollary 12.71 □ 

Example 3.10. There exists a non-strongly vr-metrizable space X, which is the inverse 
image of a strongly vr-metrizable space under a perfect map. 

Proof. Let D be an uncountable set and endow D with a discrete topology. Let Z 
be the Alexandroff compactification of D, that is, Z = D Li {z}. Let X = ■0(N) x Z 
be the product topology, where is Isbell-Mrowka space. Then the projection 

vri : X — )• •i/^(N) is a perfect map. However, X is a non-strongly vr-metrizable space. 
Suppose not, then the point x = {l,z) & X has a countable strong vr-base Vx by 
Proposition 13.21 Since every open neighborhood of z in Z has the form Z — A with A a 
finite subset of D, there exists a countable subset L C D such that {D — L) C vr2(P) for 
each P € Vx- Choose a point y £ D — L. Then {1} x (Z — {y}) is an open neighborhood 
of (1, z). But P (f. {1} X (Z — {y}) for each P ^Vx, this is a contradiction. □ 

Question 3.11. Do irreducible perfect maps inversely preserve strongly iT-metrizability? 

Theorem 3.12. Let Y be a Frechet space. Then Y is the image of a strongly vr- 
metrizable space X under a perfect map if and only if Y is strongly d-separable. 

Proof. Necessity. It is obvious. 

Sufficiency. Let IJneN be a dense subset for Y, where D„ is a closed and discrete 
subspace of Y for each n G N. Put En = IJ"^^ ^« each n € N. Obviously, for each 
n G N, En is a closed and discrete subspace of Y. 

By the same notations in Theorem 12. 121 Let X = (U{{n} x En ■ n G N}) U {{p} x Y). 
Then X is a strongly vr-metrizable space. Indeed, let Bn = {{n,d) : d G En} for each 
n € N. Obviously, Bn is discrete for each n G N. Then B = IJneN is a strong vr-base 
for X. 

(i) If X = (n, d) € {n} x En for some n G N, then let Bx = {{n,d)}, and therefore, Bx 
is a strong vr-base at point x. 

(ii) If X = {p, d) € {p} X UnGN ^n-, then there exists an m G N such that d G Em- We 
let Bx = {{i, d) : i> m} C B. Then Bx is a strong vr-base at point x. 

(in) If X = (p, d) G {p} X (y \ IJnGN ^n), then d G UngN ^n- Since Y is Frechet, there 
exists a sequence {dn}'^=i in ^jn&i^n such that d„ — )• d as n — )• oo. By the induction 
on N, we can define an increasing sequence {fndn}n'=i ™- ^ such that, for each n G N, 
m(i„ > n, and dn G E^^^. Let Bx = {{md„,dn) ■ n G N}. Then Bx is a strong vr-base 
at point X. In fact, let O be an open neighborhood at point x. Then there exist an 
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Nm = N* \ {1, 2, • • • , m — 1} and an open neighborhood U at point d in y such that 
(Nm X U) n X C O. Since d„ d, there is a / G N such that {d„ : n > 1} C U. Put 
A; = max{/, m}. Then, for each n> k, we have (m(i^,dn) E (Nm x [/) n X. 

Let / : X — )• y be the natural projection map. Since N* is compact, the projection 
of N^, X y onto y is a closed map. It follows from X is a closed subspace of x y that 
/ is a closed map. For each y £ Y, since f~^{y) is homeomorphic to a subspace of 
containing the limit point p, f'^{y) is compact. Hence / is a perfect map. □ 

Corollary 3.13. Let Y he a Frechet space. Then Y is the image of a strongly vr- 
metrizahle space X under a closed map if and only if Y is strongly d-separahle. 

Theorem 3.14. Let Y he a Frechet space. Then Y is the image of a second- countahle 
strongly tt -metrizahle space X under a closed and at most two-to-one map if and only 
ifY is separahle. 

Proof. By the same notations in Theorem 12. 121 Let X = {(n, d„) : n € N} U {{p} x Y), 
'Pn = {{n,dn)} and Bn = {{p,dn) ■ {dn} € t{Y)} for each n G N. By a similar argument 
of Theorem 13.121 we can show that |JnGN(^" ^ countably strong vr-base for X 

and y is the image of X under a closed and at most two-to-one map. □ 

Example 3.15. There exists a Frechet, vr-metrizable, separable, regular, and non-strongly 
TT-metrizable space X. Therefore, closed and at most two-to-one maps don't preserve 
strongly vr-metrizability by Theorem 13. 141 

Proof. Let X be the sequence fan space S^, which is obtained from the topological sum 
of uj many copies of the convergent sequence by identifying all the limit points to a point. 
Then X is Frechet, vr-metrizable, regular, and separable. Let X = {xni ■ i,n N}U{a}, 
where Xni — ?> a as i ^ oo for each n G N. However, X is non-strongly vr-metrizable. 
Suppose not, there exists a collection Va of open subsets of X such that Va is a strong vr- 
base at point a. By an induction on N, we can choose an increasing sequence {nk}k C N 
and a subfamily {P„j. : k G N} of Va such that, for each A: € N, Pn,. H {xrn.i : i G N} / 
and Prifc+i G Pa \ {Pn^ '■ i < k}, where Pn^ G Va for each A; G N. Choose a point 
^"feinfe ^ Prik n {xn^i : « G N} for each A; G N. Then 

U = {xn^i : i > in^,k G N} U {xm : n G (N \ {n^ : A: G N}),i G N} U {a} 

is an open neighborhood of a. But ^ U for each A: G N, this is a contradiction with 
Va is a strong vr-base at point a. □ 

Theorem 3.16. If Xn is strongly t: -metrizahle for each n G N, then X = W^^^Xn is 
strongly tt -metrizahle. 

Proof. It follows from Proposition 13.21 that every point of Xn has a countably strong 
vr-base for each n G N. For each n G N, let V^ = Ua;(n)GX„ ^"(n) ^ fx-discrete strong 
vr-base for X„, where V^^^^ = : i G N}. For every x G X, put 

n oo 
k=l k=n+l 

Then Vx is a strong vr-base at point x. Indeed, for any x G C/ G t{X), then U has the 
form U = YYiLi Wi X Hi^m+i where Wi is open in Xi for each 1 < i < m. Then 
for every 1 < i < m, there is a A;^ G N such that C Wi for every n > ki. Put 

ko = max{A;i, • • • , km, rn}. Therefore, for every n > ko and 1 < i < m, C Wi, and 
hence HLi U^{k) ^ UkLn+i^k C U for every n > ko. 
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Let V = Uxgx'^x- proof of [lOj Proposition 3.1], it is easy to see that V is 

(j-locally finite. Hence X is strongly 7r-metrizable by Theorem 13.41 □ 

Corollary 3.17. If has a strong n-base for each n € N, then X = Yl^eN-^n clIso 
has a strong ir-base. 

Theorem 3.18. Let k be an uncountable cardinal numbers. If X^ contains at least two 
points for each a < k, then the product topology X = Y\^^^ X^ does not have a strong 
ir-base at any point of X. In particular, X is non-strongly ir-metrizable. 

Proof Suppose not; there is a point x & X such that the point x has a countably strong 
TT-base Vx- Then there exists a /3 < k such that '/r^(-P) = Xjs for each P £ Vx- Since 
Xj^ is at least two points set, we choose a point y G \ {71^(2;)}. Then (X^ \ {y}) x 
n«G(K-{/3}) is OP^'^ neighborhood of x. However, P ^ x nae(K-{/3}) 

for each P ^Vx, this is a contradiction. □ 

Question 3.19. Is it true that for any non-strongly TT-metrizable spaces X and Y , we 
have that X xY is also non-strongly -K-metrizable? 

Question 3.20. Does there exist a non-strongly TT-metrizable space X such that X" is 
strongly ir-metrizable for some n E N? 
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